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Adiabatic rocking ratchets: Optimum-performance regimes
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We analyze work and efficiency for an adiabatic rocking ratchet working under three operating regimes:
maximum efficiency, maximum work, and a third one which represents a compromise between them. For all of
these regimes the application of very concrete loads and external amplitudes is found necessary in order to
obtain the maximum possible values of both efficiency and work. The reported results could be valuable to
design efficient Brownian motors and compare their operation under different working regimes.
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I. INTRODUCTION which seem to be optimized from the velocity and the effi-
ciency standpointf7].
In the last decades finite-time thermodynam(i3$T) has In the following section we present the model and the

provided an extended framework to analyze more realisti®ptimization regimes. In Sec. Il we describe our numerical

upper bounds for the performance of real, irreversible hegﬁGSU'tS, which are discussed in terms of the net current, input

devices beyond the limits imposed by the classical thermoenergy, and dissipated heat in Sec. IV. Finally we present a

dynamicg1,2]. A central point in FTT is the optimization of Prief summary and some concluding remarks in Sec. V.

a given heat device model constrained by finite-size and/or

finite-time processes. To get this, an optimization objective is

proposed and making use of the optimal control theory or

variational principles one finds the thermodynamic condi- It is not our purpose here to describe the optimization of

tions fitting such optimization criterion. In this context some any existing mode]l8—14] of rocking ratchets accounting for

of us [3] have proposed a unified criterio(we call it nonadiabatic effects, asymmetric external forces, and inho-

Q) -criterion) which represents the trade-off between energetidnogeneous friction coefficients. Instead we will consider the

benefits and energetic losses due to irreversibilities for a spsimplest forced thermal ratchet in the adiabatic lifai2,13.

cific job of any energy converter. On the other hand, studie¥Ve assume an overdamped Brownian particle moving in an

on the energetics of Brownian motors, a thermal ratchet witiflomogeneous ratchet potential under an external periodic

a load, are relevant because of two main rea§arg. First, force F(t) at temperatur@ with a Langevin equation given

due to the connection between the mechanical and theerV

aspects of dynamics described by stochastic Langevin and

Fokker-Planck equations. Second, in order to find guidelines _ IVo(X)  IVL(X)

for the design of efficient physical realizations. X= —{ X + X
Recently, we have studied the behavior of efficiency and

power under some optimal operating regimes for irreversible

cycle models of macroscopic heat engifi@sand for Feyn- where £(t) is a Gaussian white noise with zero mean and

man’s ratchet and pawl engine and its electric counterpar,&(t) (")) =2kTo(t—t") (k is the Boltzmann constant

the diode enging6]. In this paper we extend these studies toVo(X) is a periodic, asymmetric, and piecewise-linear poten-

an isothermal rocking ratchet. In particular, we present a sydial given by

tematic analysis of the regimes of maximum work and effi-

II. THE MODEL AND THE OPTIMIZATION CRITERIA

+FR()+&(1), @

ciency and the results of efficiency and work when the Q

ratchet is optimized under th@-criterion. Besides the con- =X 0<x=\,

crete numerical results, we stress how efficiency and work in V(X) = M @)
these isothermal models described by stochastic Langevin 0 Nt Ao—X

equations present facts qualitatively similar to those found in v Q AMi<Xs=AitAy,

the nonisothermal energy converters previously analyzed

[3,6]. The results of efficiency and work under the

Q-criterion are intermediate between those obtained undehus with intensityQ, spatial perioch=X\;+\,, and a sym-

the maximum work and efficiency regimes. Such intermedi-metry breaking amplitudd =X\;—\,; V| (X) is the potential

ate regime could be valuable for some real biological motorsdue to the loadgV, (x)/dx=1>0. When the external force
F(t), a square wave of amplituda, is applied in either
direction during a time much larger than any other time scale

*Also at Departamento de’sica, Escuela Superior désima y  involved in the systenfadiabatic limi} the solution of the
Matemdicas, Instituto Politenico Nacional, Edif. No. 9, U. P. quasistatic Fokker-Planck equation gives an induced current
Zacatenco, 07738 Méco, D. F., Mexico. J(A), which readq9,12]
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, . NA=D) Usually, the analysis of irreversibilities in a real thermody-
st'n"{ KT } namic process needs the evaluation of the entropy genera-
> (3)  tion, which is the basic magnitude of standard optimization
KT l p _lp P.sin MA-D criteria. as entropy generation minimization and exergy

Q * Q> 2kT analysis[15]. On the contrary, optimization with respect to

, Q-function does not need the explicit evaluation of the en-

with tropy generation, a subtle and difficult task in many systems

J=

P1:A+

P2:|:1_

(N2—A2)(A—1) far from the equilibrium. Details on its derivation
- 7 (4) can be found in Ref[3]. Mathematically theQ-function
4Q for heat engines reads asQ(y;{y})=[275(y;{y})
AA-DTE [hA-D2 — mad LY IW(Y: {7/ (y:{¥}), wherey denotes the ap-
} _{ } , (5) proprlate_lndependent va_rlable{gg} denotes a set of_param-
2Q 2Q eters which can be considered as contrejéy;{y}) is the
conventional efficiencyW(y;{y}) is the work delivered, and
= =cos}{ ZQ_A(A_D} —cos&{MA_l) ©6) 7maxd{7v}) is the maximum possible value of the efficiency
8 2kT 2kT in the allowed range of values gffor given y's [see Eq(2)
) o in Ref.[3]]. So, its implementation in any heat engine only
The input energy(per unit timg from the external force to  needs the knowledge of the work and efficiency in terms of
the ratchet isEj, =A[J(A) —J(—A)]/2, the work(per unit  the variables and controls defining a given thermodynamic
time) that the ratchet extracts from the external forcéMs process.
=I[J(A)+I(—A)]/2, and the efficiency of the energy trans-
formation is p=W/E;, [12]. I1l. NUMERICAL RESULTS
Regarding the optimization procedure we will analyze the L
two natural regimes of maximum work and efficiency. In A. Deterministic fimit
addition, as noted in the introduction, we will consider a Let us begin with the case for which thermal noise is
third performance regime which represents a compromisabsent, i.e., whe—0. In this case the current density is
between work output and losses due to irreversibilifgls  given by[10,13]

0 —gsA—I$g
Ao A
J(A)= Q? )
N (A—1)— otherwise.

QA+ N A (A1)

In Fig. 1 we show 3D-plots ofV and » for fixed values of tively, and of the maximum efficiency #max
the ratchet potential =1, A\=1, A;=0.8, \,=0.2) using = 7(Amax,:/max,) agree with those already reported by
Eq.(7) for J(A). Some 2D-plots versus for given values of ~ Sokolov[13] in terms of the parameters of the ratchet poten-
| are shown in Fig. 2. Itis clear from these figures heand  tial:  Apay,=3.125=[Q(N1+N2) 12N N5,  |max,=1.875
» are functions which can be maximized with respect to both=[Q(N1—A3) [/2\ 1\, and  7max=0.60= a5,/ Amaxy
A andl. For a fixed value of (A) each function presents a =(Ny—Xp)/(Ay+Np)=2N;/(N1+Np)—1. The determinis-
relative maximum for someA(l). However, the absolute tic maximum work W(Aqyaxws | maxw) =Wmax=1.04 is
maximum values occur for a unique value of the coupleachieved for slightly higher values #fand smaller values of
(A,1). Similar qualitative plots are found at finite tempera- | [ Apaxw=4.04 and .~ 0.95] for which the efficiency is
tures (see below Thus, A and| can be considered as the 7maxw= 7(Amaxw:Imaxw) =0.235. The deterministic maxi-
appropriate independent variables of the optimization probmum efficiency regime is not operative since it implies no
lem, while the temperature of the thermal bath and the pawork and the deterministic maximum work regime implies
rameters of the ratchet potential as the set of controls. Due ta drastic decreasing of the efficiency up to 0.235 from
the strong nonlinearity of(A,l) out of the mobility gap,  0.6. Between these two regimes tl&-criterion yields
—Q/\,=A—1=Q/\4, to obtain an analytical solution of the an efficiency 7ma0=7(Amax:Imaxa) approaching 0.44
problem for arbitrary changes éf andl is not an easy task, (close to the maximum 0.6), while workW a0
even in the deterministic limit. All reported results have beenr=W(A a0 I maxa), remains finite with a value close to 0.63
obtained numerically using the standardrHEMATICA pack-  (above the half of the maximum worlbut now the needed
age. optima amplitude and load aré,,o=3.46 and!.x
The calculated values of the deterministic amplitude and=1.54, respectively. In Fig. 2 it can be seen hgwand W
load giving maximum efficiencyyay, andlyay,, respec-  behave versug for somel values. Note, in particular, how
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FIG. 2. Deterministic numerical results for the wot&® and
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particular,| =0.95 is the optimized load at maximum work condi-
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works which are intermediate between those predicted by the
maximum efficiency and maximum work regimes.
A 60 For the optimized amplitudes and loads we observe a dis-
tinct behavior on the temperature, while the amplitudes first

FIG. 1. Work(a) and efficiency(b) vs A andl in the determin-  decrease up t&T~0.15 but above this temperature they
istic limit, kT=0, for the ratchet parametel®=1, A=1, \;  strongly increase, see Fig(c}, the optimized loads decrease
=0.8, \,=0.2. The plotted loads and amplitudes are those forcontinuously as temperature increases in the three regimes,
which the ratchet is able to extract energy from the rocking mechasee Fig. 4d). Also note that whileA ., is intermediate

nism. between Anay, and Agaw at each temperatur@An,,y,
<Anaxn<Amaxwl, the optimized load,,,,q is intermediate

as the maximum efficiency is reach¢é—3.125 and| betweenl 5, andl 4.y 0nly at very low temperatures and

—1.875], work also approaches zero. atkT=0.1. Moreover, akT=0.1 we obtainl ;W™ maxy »

while at very low temperaturelg,ay, >l maxw in 0Opposition

with the behavior of the amplitudes.

o ) At high enough temperatures the ratchet effect tends to
_At finite temperatures all the results _have been_ Obta'ne‘élisappear and the three regimes give practically null effi-

using expressioi3) for the current density. As an illustra- ¢iency and null work output. The progressive larger ampli-

tion, we show 3D-plots oy andWatkT=0.1in Fig. 3. Itis t,des needed to move progressive smaller loads make the

clear again that botA and | are appropriate independent yaichet quite inefficient due to the progressive importance of
variables also at finite temperatures. The calculated optimhe thermal noise against fluctuation effects.

mized values of efficiency, work, external amplitude, and
Ipad are plotted in Fig. 4 versus the bath temperature. These IV. NET CURRENT, INPUT ENERGY,
figures clearly show that dsT increases, the maximum work

. . . AND DISSIPATED HEAT
and work under maximurf2-conditions decrease in a mono-
tonic way, see Fig. @). The same behavior is observed for  Because the system under study is in contact with just one
the efficiencies under the three regim&sgy. 4b)]. Excep- thermal bath at temperatuiie the energetics of the system
tion to these regular behaviors is the work output underccan be easily expressed in terms of the entropy production or
maximum efficiencyW, .y, - it shows a quite different, non- dissipated hea@g;s in the thermal bath at temperatufeand
monotonic behavior with a clear maximumlaf~0.1. Note  the input energyE;,. So, in this particular system the effi-
that at finite temperatured) gives also efficiencies and ciency is =1—(Qqis/Ein) and work becomesN=E;,

B. Finite temperatures

046125-3



N. SANCHEZ SALAS AND A. C. HERNANDEZ PHYSICAL REVIEW E68, 046125 (2003

(a) (©

1
A Wnax A Apaxw
* WmaxQ 5 " AmaxQ
0.8 ¢ W maxn ¢ Amaxn /

0.6

047 %\
B
0.2 S
.
o
-
= 1
0.6
d
\ e B | 1 ¢l @
0.5 ®* MmaxQ 15 = lmaxQ
" * A MnaxW A lmaxW
0.4 5{ 1.25

R
R
R
SN
N

A

2
R
<>
‘0

g

R
A
N
=

T2

22N

L
£

R

A
Rt

L7
7
L
%

X

Dk

SaE

X S

R
R

(X

“
Z>
52
52
ALISLAEHS
o

R
R
R

T2

0 01 03 ¢ 05
§ T, S . .. .. .
R S Sy FIG. 4. Numerical values of the optimized worle efficiencies
e S S i
iy . (b), external amplitudegc), and loadgd) vs kT.
LEIFLFITESS
!

increases, Fig.(®), two factors play a role: the mobility gaps
shift to the left and the reversal curredt—A,l) progres-
FIG. 3. As in Fig. 1 but akT=0.1. sively becomes stronger even at low loads. Thl)sremains
positive at lower loads for which the maxima are clearly
—Quis, WhereQg;s/T is the total entropy production per par- shifted to smaller amplitudes. With a further increasing of
ticle since the system can be considered in a stationary statemperature, Fig. (8), small positive net current is found
with constant entropy5,14]. So, the behaviors of the opti- only at very low loads peaking at higkvalues. From all the
mized efficiencies and works in Figs(a# and 4b) can be above we conclude that th@xpectedl monotonickT de-
properly explained by analyzing thel evolution ofE;, and  creasing ofl ;.. and the(perhaps, unexpectgthonmono-
Quqis- However, first, we provide an intuitive explanation of tonic behavior ofA ., are the joint consequence of avoid-
the behaviors of optimized amplitudes and loads in Figs. 4 ing the progressive reversal current as temperature increases
and 4d) starting from the average currefd)=[J(A,l)  and of the shifting to the left of the mobility gap.
+J(—A]/2. The deterministic maximum efficiency is achieved at val-
In Fig. 5 we plot(J) versusA for somel values at three ues ofA and| corresponding to a stagnation situation when
representative temperaturést =0, 0.1, and 0.4. Under de- the average current just vanishids3]. This is, whenQ/\ 4
terministic conditions, see Fig(&®, eachl-line in (J) begins  +1=Q/\,—I andA is equal to one-half of the gap widfm
its positive slope[coming from the currend(A,l)] at an  our caselyay,=Q/2[(1\,)—(1\,)]=1.875 and Ay,
amplitude given by the mobility gap=Q/\,;+1 and peaks =3.125]. As temperature increases the location of the maxi-
atA=Q/\,—1I. At the right of each peak the inverse current mum efficiency, mainly imposed by that of maximum work,
J(—A,l) provokes the negative slope of each line. Accord-is also influenced by the evolution of input energy. Since the
ingly, asl increases the corresponding maximum shifts to theninimum (and nul) value of eaclE;,,(A,I) moves to smaller
left and above somkvalue(J) becomes negative at ady =~ amplitudes and loads as temperature increases, R@sarid
Maximum work, proportional to maximunQJ), should be 5(b) eachA,,y, should go below the correspondiig, .y
thus achieved at some load not too snjall order to keep and each ,,, should decay faster than the corresponding
J(A,l) as high as possibjenor too large[in order to avoid |,.w- This last effect disappears at enough high tempera-
intense negativd(—A,l) valued and should be located at tures because the almost null dependendg, pbn load, Fig.
someA into the mobility gap. In our case, numerical calcu- 5(c), and thus we find thalty,,,,— I naxw at these tempera-
lations givel paxnw=0.95 andA,,,w=4.04. As temperature tures.
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crete behaviors of the independent variable.
@ Figure 6 show®)y;s andE;,, versud atkT=0 and 0.1 for
the A values giving maximum in each regime. We also plot
in each case the corresponding efficiency and work. We ob-
serve in Figs. @) and &d) that at the maximum work re-
gime the optimized 4,1)-values at each temperature are, as
< > expected, those giving maximuid;, — Qs and minimum
values of bothE;,, andQ;s. Thus, at each temperature the
optimized| ;,.xw and A, axw Values are the required condi-
tions to a ratchet performance wittelative minima for the
input energy and dissipated heat, their difference being the
maximum possible. In the maximum efficiency regime, Figs.
6(c) and f), | max, andA, 4y, are the needed values in order
to get the minimum Q;/E;,,)-quotient at any temperature.
Only atkT=0, Fig. 6c), the minimum of Qgis/E;,) coin-
cides with the(absolut¢ minima of both Qs and E;,:
maximum efficiency is achieved whe@,;s—0 and E;,
—0 with Qdis/Ein_>0-4 (ﬂmale_0.4: 06) but Ein
—Qgis— 0, thus yielding the null value of work under maxi-
mum efficiency conditions in the deterministic mode of op-
eration. The maximunf)-regime implies relative minima for
both E;,, and Qq;s under deterministic conditions, Fig(l,
but this is not true at finite temperatures, Fige)6
The results in Fig. 6 show that only the maximum work
regime implies(relative minimum values of input energy
and dissipated heat at any temperature, while the absolute
minima of these magnitudes are only achieved by the deter-
ministic efficiency regime. Some remarks on the entropy
production in the bath,@;s/T), are in order at this point.
For every value of, there is a value df that minimizes the
1 2 3 4 5 A 6 entropy production at given temperature. At small tempera-
tures the loads minimizing entropy decrease as the amplitude
FIG. 5. Input energyE;, (solid lineg and net current{J)  jncreases and above somehis load tends to zero. At high
(dashed lingsvs A atkT=0 (a), 0.1(b), and 0.4(c) for the labeled  anoyugh temperatures the entropy production is a growing
| values. In(c) the differentE;,(lI) values are indistinguishable. function of A with a relative minimum at —0. From the
Note also the different scales of the vertical axes in the three f'g'results forQq;. in Figs. a)—6(c) it is clear that at determin-
ures. istic conditions the states of maximuwi, ), and » corre-
spond with states giving local minimum values of the en-
The Q-function can be expressed af)=[2% tropy surface. However at finite temperatures this is only true
~ Dmaxd W/ 7=[27— 7maxlEin. SO, the location of its for the states under the maximum work regime.
maxima mainly depends on the maxima of betfandE;, . We show in Fig 7 a more detailedT-evolution of E;,,
Because the monotonic growth Bf,, with A at anyl, Fig. 5,  and Qs in each regime. It is clear that both magnitudes
the first consequence is that, at given temperature, eadhcrease as temperature increases but at a fixed temperature
Amaxa is greater than the correspondifg,,,, . Thel depen-  they are greater in the maximum work regime than under
dence inQ) is a little bit subtle: at thé¢low) temperatures for maximum efficiency conditions with, as expected, interme-
which A, .4 decreases, the loads giving maximum inputdiate values in th€)-criterion. So, from the point of view of
energy become smaller, Figs(ab and 3b), but askT in-  the needed input energy and the unavoidable dissipated heat,
creased\ 5 also increases and the maximum input energythe maximum work is a quite unfavorable operating regime
is achieved at higher loads. We think that this nonregulain the adiabatic rocking ratchet at any temperature in oppo-
dependence dE;,(A,l) could be the origin of the intriguing sition to the maximum efficiency regime. From Fig. 7 it is
decaying ofl .4 With respect to those df, 4, andl maxwin straightforward to understand the calculated monotonic de-
Fig. 4(d). Nevertheless, we stress that the nonintermediatereasing with temperature of the optimized efficiencies, 1
value ofl .4 in a particular range of low temperatures does— (Qgis/Ein), In Fig. 4b), and works,E;,— Qqis, in Fig.
not invalidate the()-criterion as an optimum operating re- 4(a). In particular, the behavior of the work at maximum
gime. In FTT, any regime giving efficiency over the effi- efficiency conditions follows directly from Fig. (B): as
ciency at maximum power and a power over the power ahoted aboveE;,— Qgis— 0 atkT=0, thus yielding the null
maximum efficiency is said to be optimgl,2]. In this line  value of work under maximum efficiency conditions in the
the Q-criterion is an optimum operating regime in the adia-deterministic mode of operation, but k% increases the dif-
batic rocking system under study, independently of the conferenceE;,— Qqis= W first increases and then decreases with

kT=0
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a maximum value aroundT=0.1, which is the peak ob-
served in Fig. 4).

V. SUMMARY AND CONCLUDING REMARKS

We have presented a systematic study of the efficiency
and work for an adiabatic rocking ratchet with symmetric
external amplitudes when optimized under three different re-
gimes: maximum work, maximum efficiency, and one more
which represent the trade-off between work output and losses
by irreversibilities. Beyond particular numerical results we
stress the following main points.

(@) The existence of very concrete external amplitudes
and loads for which both efficiency and work achieve their
maximum possible valueuite significant at low tempera-
ture9 for given ratchet potential and temperature of the ther-
mal bath.

(b) The efficiency and work of the ratchet when optimized
with the Q-criterion present values located between those
given by the maximum efficiency and maximum work re-
gimes. To achieve this th@-performance consumes inter-
mediate input energy and dissipates an intermediate amount
of heat; and

(c) the nonmonotonic decreasing with temperature of the
optimized work under maximum efficiency conditions and of
the external amplitude in the three regimes, in opposition to

FIG. 7. KT evolution of input energy and dissipated heat underthe monotonic behavior observed for the three efficiencies,

conditions of maximum work and maximuf (a) and maximum

efficiency (b).

maximum work, work under maximurf) conditions, and
load in the three regimes.
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The analysis presented here can be extended to othemal, rocking ratchets to those reported in FTT for macro-
more complete models of rocked ratch¢&-11,13 and scopic heat engind$] and for the mechanical and electric
other types of Brownian motorf4,16]. In particular, for rectifiers[6]. All these systems show as a significant charac-
nonadiabatic rocked ratche{8] incorporating additional teristic that the maximum power and maximum efficiency
time and/or spatial asymmetrigd0] and inhomogeneous regimes are close but noncoincident. In other words, both
friction coefficients[11], the appearance of current reversalspower and efficiency show a maximum for different, but
and the fact that the efficiency can be maximized at finiteclose, values of some appropriate independent variable: the
temperature make an analysis on optimal operating regimgsressure ratio for Joule-Brayton cycles, the compression ratio
specially relevant. for automotive cycles, the temperature ratio for irreversible

It has been reportel?] that some protein motors seem to Carnotlike cycles, the potential energy of the external weight
be optimized from the velocity and the efficiency stand-in Feynman’s ratchet, and the current in the diode engines.
points. To explain the observed behavior of this kind of mo-This fact gives rise to a looplike behavior for power-
tors an alternative definition of efficien¢7] incorporating efficiency plots, which is a specific sign of real motpts2].
the work done by friction forces has been proposed. As it haZhe results shown in Figs. 1 and 3 corroborate the above
been pointed out by Parrond al. [14] that one has to be requirements for the isothermal rocking ratchet.
careful with this type of definitions, since the work done In summary, heat engines seem to show some similarities
against the friction is always dissipated as heat to the thermdbr the efficiency and workor powe) when studied in terms
bath. If the task of these molecular motors is to do usefubf appropriate independent variables, independent of their
work against an external force and besides to achieve som&ture and size. An unified analysis under different optimal
velocity, perhaps they can be properly analyzed under a peperformance regimes could give guidelines in order to design
formance regime representing a compromise between effefficient motors and to compare their operation in different
ciency and power. In fact, not only in physics and biology situations.
but also in several spheres of human activity compromise has

been proposel1l8] as a major unifying thread. Some bio- ACKNOWLEDGMENTS
logical systems described by linear irreversible thermody-
namics have been worked out under this point of vi@®]| Financial support from CICYT of SpaifGrant No.

and an ecological-like optimization criterion, very similar to BFM2002-01225 FEDERand CyL-FSEGrant No. SA097/
Q but including the explicit evaluation of the entropy gen-01) are acknowledged. N.S. thanks a grant from Agencia
eration, has been appli¢dQ]. Espamla de Cooperacio Internacional(AECI) and from

It is interesting to face the obtained results for the isotherCOFAA-IPN (México).
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